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Theorem 1 (Dominated convergence of Lebesgue) Assume that g is an
integrable function defined on the measurable set E and that (f,),cy @5 a se-
quence of measurable functions so that |f,| < g. If f is a function so that
fn — f almost everywhere then

s [ .= [ 1
PRrROOF: The function g — f

 1s non-negative and thus from Fatou lemma we
have that [(g— f) < liminf [(g— f,,). Since |f| < g and |f,| < g the functions
f and f, are integrable and we have

/g*/fS/gflimsup/fn,
/fzhmsup/fn.

Ocewpnpa 2 (Kuptapynuévrne ocbyxAiors tou Lebesgue) Eotw du n
g €lvar pa odokAnpdoiun ouvvdptnon opiouévn oto uetprioio ovvolo E ka
N (fo)nen €var pia axodovdia petpriopwy ouvvaptijoewy dote |f,| < g. Tro-
Oérovue éut vndpyer pa ovvdptnon f dote n (f,)peny va telvel otny f oxedov

navtov. Téte
lim / fn= / f

AmnoaErr=H: H cuvdptnon g— f,, lvan un opvntier xou dpa and to Afupo tou Fatou

woyber [(f —g) < liminf [(g— f,). Enedf |f| < g xou |f,| < g ot f xau f, elvon
OANOXANPAOOIIES, EYOUME

/g—/fﬁ/g—limsup/fn,
[ 1=t [ 1,

Thanks to Cepreit Mapteiaos for the translation to Russian:

SO

TeopeMma 3 IIpednonootcum, wmo g asasemca unmezpupyemot pyrnxyued, onpe-
deaernoli na udmepumom mmoorcecmse E, u (f,),en npedecmasanem cobol no-
caedosamenvrocms udmepumots pynryuu, max wmo | f,| < g. Ecau f asasemcesa
Pynruyued, max wmo f, — f nowmu eeade, moezda

lim/fn:/f.



Theorem 4 (Dominated convergence of Lebesgue) Assume that g is an integrable
function defined on the measurable set E and that (f,,),cn is a sequence of measur-
able functions so that |f,| < g. If f is a function so that f, — f almost everywhere

then
[ [

ProOF: The function g — f,, is non-negative and thus from Fatou lemma we have
that [(g— f) < liminf [(g— f,). Since |f| < g and |f, | < g the functions f and
f,, are integrable and we have

/g—/fé/g—limsup/fn,
[ 1=t [ 1,

Ochpnua 5 (Kupiapyxnuévng odykAione tov Lebesgue) Eotw dtt 0 g sivar uia
oAokAnpdaiun ouvdptnon opiopévy oto petproto obvoro E kat 0 (f,) ey Eivat
ua akodovbia uetpriowuwv ovvaptioswy dote | f, | < g. Trobétouue étt umd pyet
wuia ovvdptnon f dote 0 (f,),en va Teivel otnv f oxebov mavrov. Tére

lm/ﬁ:/ﬁ

AnoAEI=H: H ouvdptnon g — f,, elvaw pn apvntiky ko &pa amd to Afjupo tou
Fatou woxber [(f — g) < liminf [(g— f,). Enedd |f| < g kou |f,] < g o f ko
[, elvo ohokAnpdoipuee, £xoupe

/g—/fﬁ/g—limsup/fn,
/leimsup/fn-

Thanks to Cepreii MapToiHos for the translation to Russian:

SO

dpal

Teopema 6 [Ipegnonoxum, 410 g sABASETCS MHTErpupyemMosi pyHkuuer, onpege-
JIeHHOI Ha namepumom mHoxectse E, n (f,),cn NpescTasaser coboii nocnegosa-
TeIbHOCTb U3MepUMOi hyHkymu, Tak 47o |f, | < g. Ecam f siBnsetca cpyHkuyuei,
Tak 470 f, — f no4Tn Be3ge, Torga

lm/h:/f



Theorem 7 (Dominated convergence of Lebesgue) Assume that g is an
integrable function defined on the measurable set E and that (f,),en
s a sequence of measurable functions so that |f,|<g. If f is a
function so that f, — f almost everywhere then

sim [ 1.= [

ProoF: The function g— f,, is non-negative and thus from Fatou lemma
we have that [(g— f) <liminf [(g— f,). Since |f|<g and |f,| < g the
functions f and f,, are integrable and we have

/g—/fé/g—limsup/fn,
/fZlimsup/fn-

Bedpnua 8 (KupLapynuévng oOykALong tou Lebesgue) Eotw 6TL 1) g £lval

HLO OAOKANP®O LUY) OLUVEPTNON OPLOUEVN 0To peTphoLuo ovvolo E kat 1 (f,)nen
eivar pLo akorovdia peTphoLuwy ouvapThoewy éote |f,| < g. TmoBétouue

6TL undpyeL pia ovvdptnon f dote n (f,)peny VX TELVEL 0TNV [ oxedbév mavToL.

Téte
lim/fn:/f.

AMOAEIZH: H ouvéptnon g—f, €lvoal pn apvntikh kol dpa amd to Aduuo
tou Fatou woxver [(f—g) <liminf [(g—f,). Eneudy |f| < g ko |f,|<g
ot f kat f, €lvaL ohokAnpdoLUES, E£XOUUE

/g—/fé/g—limsup/fn,
/leimsup/fn-

Thanks to Ceprei#t MaprthmoB for the translation to Russian:

SO

dpo

TeopeMa 9 I[lpednoaorum, 4mo g geademca uHmezpupyemol gymryueld, onpedenenHotl
na usmepumonm mroxecmee E, u (f,),cy mpedcmasagem cobotl nocaedosameseroctny
usmepumots pyrwwyuu, max wmo |f,| < g. Ecau f geagemca gywryuet, max

wmo f,, — f mownu eezde, moz20a

1m/h=/f



